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Abstract. We propose a way how to generate a max-stable process in C[0, 1] from a max-stable random vector in Rd by generalizing the max-linear
model established by Wang and Stoev (2011). It turns out that if the random vector follows some finite dimensional distribution of some initial max-
stable process, the approximating processes converge uniformly to the original process and the pointwise mean squared error can be represented in
a closed form. The obtained results carry over to the case of generalized Pareto processes. The introduced method enables the reconstruction of the
initial process only from a finite set of observation points and, thus, reasonable prediction of max-stable processes gets possible.

Preliminaries. We call a random vector (rv) X = (X0, . . . , Xd) standard max-stable,
if it is max-stable with standard negative exponential distributed univariate margins,
i.e., P (Xi ≤ x) = exp(x), x ≤ 0, i = 0, . . . , d. It is well-known (e.g. [3], [5]) that X
is standard max-stable iff there exists a rv Z = (Z0, . . . , Zd) with Zi ∈ [0, c] a. s. and
E(Zi) = 1, i = 0, . . . , d, for some c ≥ 1, such that

P (X ≤ x) = exp(−‖x‖D) := exp

(
−E

(
max

0≤i≤d
(|xi|Zi)

))
, x ≤ 0 ∈ Rd+1.

Note that ‖·‖D defines a norm on Rd+1, called D-norm, with generator Z.

Analogously, we call a stochastic process η in C̄−[0, 1] := {f ∈ C[0, 1] : f ≤ 0} a stan-
dard-max-stable process (SMSP) if it is max-stable (cf. [2]) with standard negative
exponential univariate margins. Denote by Ē−[0, 1] the set of all bounded nonpositive
functions on [0, 1] that have only a finite number of discontinuities. It is known from [7]
and [1] that a stochastic process η in C[0, 1] is an SMSP iff there exists a generator pro-
cess Z = (Zt)t∈[0,1] in C̄+[0, 1] := {f ∈ C[0, 1] : f ≥ 0} with Zt ≤ c a. s. and E(Zt) = 1,
t ∈ [0, 1], such that

P (η ≤ f ) = exp(−‖f‖D) := exp

(
−E

(
sup
t∈[0,1]

(|f (t)|Zt)

))
, f ∈ E−[0, 1].

Again, ‖·‖D defines a norm, the D-norm on the function space E[0, 1].

Furthermore, we call a rv Y standard generalized Pareto distributed (GPD rv), if

there exists some multivariate D-norm ‖·‖D and some vector y0 < 0 such that
P (Y ≤ y) = 1− ‖y‖D for all y0 ≤ y ≤ 0.

Lastly, we call a process V standard generalized Parteo process (SGPP) (cf. [6]), if
there exists some D-norm on E[0, 1] and some c > 0 such that P (V ≤ f ) = 1 − ‖f‖D
for all f ∈ Ē−[0, 1] with ‖f‖∞ ≤ c.

The generalized max-linear model. Our aim is the construction of SMSP and
SGPP from given max-stable rv and GPD rv, respectively. This can be done as follows.
LetX = (X0, . . . , Xd) be a standard max-stable rv with pertainingD-norm ‖·‖D0,...,d

gen-
erated by (Z0, . . . , Zd). Now choose deterministic functions g0, . . . , gd ∈ C̄+[0, 1] with the
property

‖(g0(t), . . . , gd(t))‖D0,...,d
= 1, t ∈ [0, 1]. (1)

Put now for t ∈ [0, 1]

ηt := max
i=0,...,d

Xi
gi(t)

. (2)

The model (2) is called generalized max-linear model. It is easy to show that the
process η = (ηt)t∈[0,1] defines an SMSP with generator Z ′ = (Z ′t)t∈[0,1], where
Z ′t = maxi=0,...,d (gi(t)Zi), t ∈ [0, 1]. The special case ‖·‖D0,...,d

= ‖·‖1 which charac-
terizes the independence of X0, . . . , Xd is the regular max-linear model, cf. [8].

In addition, one obtains an SGPP from the max-linear model by replacing the max-
stable rv X in (2) by a standard GPD rv.

Reconstruction of SMSP and SGPP. The generalized max-linear model pro-
vides a solution of the following problem. As a matter of fact, it is impossible to observe
a whole process in C[0, 1] in practice. Therefore, it is an important task to approximate
and to reconstruct the underlying process by another process that is only based on
multivariate observations. This can be done as follows.

Suppose one knows that an SMSP η in C[0, 1] with generator Z is underlying, e. g. as
a model for the maximum sea-level along a coastal area. Now the process is observed
at several points 0 := s0 < s1 < · · · < sd := 1. Then we obtain a standard-max-stable
rv (ηs0, . . . , ηsd) to which we can apply the generalized max-linear model (2).

By choosing certain deterministic functions g0, . . . , gd ∈ C̄+[0, 1] with the property (1),
we obtain the following special case of the model (2):

η̂t := ‖(si − t, t− si−1)‖Di−1,i
max

(
ηsi−1
si − t

,
ηsi

t− si−1

)
, t ∈ [si−1, si], i = 1, . . . , d. (3)

Here ‖·‖Di−1,i
denotes the D-norm of the bivariate rv (ηsi−1, ηsi). The process η̂ defined

in (3) and its generator process Ẑ are called discretized version of η (and Z, respec-
tively) with grid {s0, . . . , sd}. The process η̂ usefully interpolates the rv (ηs0, . . . , ηsd)

since this rv is observed and therefore is not required to be predicted anymore.
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ηs4

ηs5η̂t

0 = s0
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‖·‖D0,1
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Again, the entire technique of discretizing an SMSP can be carried over to the SGPP
case. In fact, the upper tail {f ∈ Ē−[0, 1] : ‖f‖∞ ≤ c} where the distribution of the
initial SGPP V is given by P (V ≤ f ) = 1 − ‖f‖D coincides with the upper tail where
the distribution of the discretized version V̂ of V is known.

Convergence of the discretized versions. Next, we want to jusitify why the
discretized versions of an SMSP η and its generator Z are considered reasonable
predictors for the original processes η and Z. For this purpose, we take a sequence of
discretized versions η̂(d) with generators Ẑ(d) and grids Gd, d ∈ N, where the fineness
of Gd converges to zero for d→∞. Then the discretized versions converge to the initial
processes in a strong sense:

Theorem 1 [[4], Theorem 3.4]. The processes η̂(d) and Ẑ(d), d ∈ N, converge uni-
formly to η and Z, respectively, i. e.

∥∥∥η̂(d) − η
∥∥∥
∞
→d→∞ 0 and

∥∥∥Ẑ(d) −Z
∥∥∥
∞
→d→∞ 0.

The preceding theorem can be formulated for the SGPP case analogously.

Next, we consider η̂(d)
t , d ∈ N, a predictor for the true value ηt at a fixed index t ∈ [0, 1].

We obtain a closed form for the pointwise mean squared error of η̂(d)
t , d ∈ N, and also

another type of convergence that is not related to the uniform convergence we have
stated above.

Theorem 2 [[4], Theorem 3.9]. Let η and η̂(d), d ∈ N, be as above, and denote
by ‖·‖

D
(d)
t

the D-norm pertaining to the standard max-stable rv (ηt, η̂
(d)
t ). The mean

squared error of η̂(d)
t is given by

MSE
(
η̂

(d)
t

)
:= E

((
ηt − η̂

(d)
t

)2
)

= 2

2−
∫ ∞

0

1

‖(1, u)‖
D

(d)
t

du

→d→∞ 0.

Again, there is a similar result on the mean squared error in the SGPP case. How-
ever, the fact that we typically only know the distribution of a GPD rv in the upper tail
forces us to consider conditional expectations which leads to quite complicated formu-
las. Nevertheless, the convergence of the mean squared error of V̂ (d)

t , on condition
that Vt and V̂ (d)

t are greater than c for some c < 0 sufficiently large, to zero, still holds.
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